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1. INTRODUCTION 
A well-known result of Hille [12] states that the differential equation 
y” + py = 0, 
where p is a positive, continuous function defined on [O, 03), is oscillatory 
if 
o* = lim inf x’p(x) > d 
x-m 
and nonoscillatory if 
o* = lim sup x’p(x) < f, 
x-m 
but it can be either oscillatory or nonoscillatory if either o, = + or w* = $ 
(cf. [21, 261). For the third-order equation 
y”‘+qy=O, 
where q is continuous and.is of constant sign, Hanan [lo] proved that the 
equation is oscillatory if 
lim inf x3 Iq(x)l > 2/(3fi) 
x-00 
and nonoscillatory if 
lim sup x3 lq(x)l -c 2/(3$). 
x-cc 
Results of a similar nature have also been established for the fourth-order 
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equations [13]. In a recent paper, Chanturia [4] considered the nth-order 
equation 
y’“‘+py=O 3 (Cl 
where p is continuous and of constant sign on an interval [a, co), and 
obtained sufficient conditions for oscillation, nonoscillation, and possession 
of property A {property B}. Equation (C) is said to have property A if 
every nontrivial solution of (C) is oscillatory when n is even and is either 
oscillatory or strongly decreasing when n is odd [2,4, 223. On the other 
hand, (C) is said to have property B if every nontrivial solution of (C) is 
oscillatory, strongly decreasing, or strongly increasing when n is even, and 
is either oscillatory or strongly increasing when n is odd [4]. 
Common to all of these results is the fact that the constant 
appears in the formulation of conditions and it is the best possible con- 
stant. For example, M, = f and M, = 2/(3fi) appear in the results of 
Hille [12] and Hanan [lo], respectively. 
In this paper we not only extend the above results to a more general 
class of differential equations, but establish improved characterizations of 
the solution space using the values of local maxima and minima of the 
polynomial function P,(x) = x(x - 1). . . (x - n + 1 ), in addition to M,. 
The differential equation to be studied is of the form 
LA-, , rn - 1 ,..., ro) Y + PY = 0, CD) 
where the differential operator L, is defined by 
Lo(‘o) Y = To(X) YY uric,..., r,)y=r~(x)~L,l(r,-l,...,ro)y, (1) 
k = 1, 2 ,..., n. The functions ro, rl ,..., r,, in (1) are assumed to be continuous 
and positive on an interval [a, co) and p is continuous and has constant 
sign on [a, co). Furthermore, we assume 
I 
m  
r;‘(x) dx= co, (2) 
k = 1,2 ,..., n - 1, without loss of generality [27]. 
Equation (D) has been investigated by Nehari [24,25], Elias [S-9], and 
others [l, 3, 18,20,23,27]. Since the parity of n and the sign of p are 
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important factors in most detailed study of (D), it is convenient in many 
cases to consider separately the following four distinct cases: 
0) n even, P>O, 
(ii) n odd, P>O, 
(iii) n even, P<O, 
(iv) n odd, p < 0. 
If (X) represents a differential equation of the form (D), we shall denote by 
(Xi) the equation (X) satisfying (i); (Xii), (Xiii), and (Xi,) are similarly 
defined. Thus, (Cii) denotes (C) satisfying (ii), while (Di,) denotes (D) 
satisfying (iv), etc. 
A nontrivial solution of (D) is said to be oscillatory on [a, co) if it has 
an infinite number of zeros on [a, co); otherwise, it is said to be non- 
oscillatory on [a, 00). The nonoscillatory solutions of (D) are characterized 
by the following lemma. 
LEMMA 1 [ 181. Let y be a nonoscillatory solution of(D) such that y > 0 
on [b, co) for some b > a. Define [K] to be the greatest integer less than or 
equal to K. 
Zf y is a solution of (Di) or (Di,), there exists an integer j, 
0 <j< [(n - 1)/2], such that 
LiY >O9 i = 0, l,..., 2j, (3) 
on [c, co ) for some c 2 6, 
(-l)‘+‘Liy>o, i=2j+ l,..., n- 1, (4) 
on [b,co)andLiy(x)+Oasx+oo,i=2j+2,...,n-1. 
Ify is a solution of (Dii) or (Diii), there exists an integer j, 0 <j< [n/2], 
such that 
LiY>“, i=O, l,..., 2j- 1, (5) 
on [c, 00 ) for some c 2 b, 
(-l)‘Liy>o, i = 2j,..., n - 1, (6) 
on [b,co)andL,y(x)+Oasx+co, i=2j+l,...,n-1. 
A nonoscillatory solution y of (Di) or (Di,) is said to belong to class Aj 
if y or -y satisfies (3) and (4), 0 < j < [(n - 1)/2]. Similarly, a non- 
oscillatory solution y of (Dii) or (Diii) is said to belong to class Aj if y or 
-y satisfies (5) and (6), 0~ j< [n/2] [15, IS]. Equation (D) is said to be 
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k - (n-k) disfocal (k - (n -k) disconjugate} on an interval Z if, for every 
pair of points b, c E Z, b < c, the only solution satisfying the boundary con- 
dition 
L,, y(b) = +. . =Lk--ly(b)=O=Lky(c)= ... =L,-,y(c) 
{&y(b)= ... =I+--y(b)=O=LOy(c)= ... =J~,-~-~JJ(c)) 
is the trivial solution; otherwise, it is said to be k- (n-k) focal 
{k - (n -k) con&gale} on I. Due to the parity condition [25], we need 
only consider those values of n-k for which (- l)“-‘$(x) < 0 when we 
study k - (n-k) disfocality and k - (n -k) disconjugacy. An important 
relation between the class Aj and k - (n -k) disfocality states that (D) is 
k - (n - k) disfocal on [b, co) for some b > a if and only if the class A tk,*, 
is nonempty [9, 181. Equation (D) is said to be disfocal on an interval Z if, 
for every nontrivial solution y of (D), at least one of the functions LOy, 
Ll YY, L- 1 y does not vanish on Z; otherwise, it is said to be focal on I. 
Finally, Eq. (D) is said to be disconjugute on Z if no nontrivial solution of 
(D) has more than n - 1 zeros (counting multiplicities) on I. 
In Section 2 we study the Euler equation (E) in detail and establish a 
number of criteria for nonoscillation, k - (n - k) disfocality and oscillation. 
In Section 3 similar criteria are obtained for (D) by using the results of Sec- 
tion 2 and recently obtained comparison theorems. These results contain 
the aforementioned results of Hille [12] and Hanan [lo] as special cases. 
In Section 4 we consider the special equation (C) and prove sufficient con- 
ditions for disfocality and focality. 
2. PRELIMINARY RESULTS 
The Euler equation 
y’“’ + K(x - a)-“y = 0, (El 
where K and a are real constants, has a solution of the form 
y=(x-a)” 
if a is a root of the polynomial equation 
x(x-l)...(x-n+l)+K=O. 
If (8) has a real-valued, double root fl, then 
y1= (x-45 y, = (x - uy log(x - a) 
(7) 
(8) 
(9) 
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are two linearly independent solutions delined on (a, co). On the other 
hand, if (8) has a pair of complex roots < + IV, where 5 and rl# 0 are real 
numbers, then 
w, = (x - a)< cos(tj log(x - a)), w2 = (x-a)< sin(q log(x - a)) (10) 
are two linearly independent solutions defined on (a, cc), associated with 
the complex roots. 
In order to determine how many solutions of (E) are of the forms (7), 
(9), and (lo), respectively, for a given constant K, we require the following 
fundamental properties of Eq. (8). 
LEMMA 2. Let P,(x) = nj”:d (x-j) and Q,(x) z P,(x + (n - 1)/2). 
(I) The polynomial function Q,, is even or odd according as n is even or 
odd. 
(II) Let bi E [i, i + l] be the point at which the local maximum of (P,I 
on [i, i + 1 J is attained and put Mni s P,(bi), i = 0, l,..., n - 2. Then 
(-l)i+‘M,i>o, Mni=“n,“-*-i, i = 0, l,..., n - 2, 
if n is even and 
(-l)i+‘M,i<o, Mni= -Mn,n-z-i, i = 0, 1 ,..., n - 2, 
if n is odd. Moreover, 
IMnil > IMn,i+ 11, i = 0, l,..., [n/2] - 2, 
where [n/2] is the greatest integer less than or equal to n/2 [ 141, i.e., 
(III) vY,=r,+wk, where ck and qk are real numbers, k = 1, 2, are 
two distinct nonreal roots of (8), then either t1 = <I and q1 = -q2, or else 
51 zr,. 
(IV) If y is a double root of (8), then y is real. 
(V) Of the local extrema M,,O, M,,, ,..., M,,,-* of the function P,, let 
Mnp be the smallest positive number, i.e., 
and let 
M,, = min Ocirn--2 {Mni:Mni>O}; . . 
M,, = max 
OCiGn--2 
{Mni: Mni < O}. 
m/64:3-4 
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Then 
and 
p = [n/2] - 1 + f(( - 1)c”‘21 - (- 1)“) 
a=[n/2]-1-$((-1)c”‘21+(-1)“), 
where [n/2] is the greatest integer less than or equal to n/2. 
(VI) Zf n is even, 
Mno = M”,, - 2 <Mn2=Mn,n-4< *.* <M,,=M,,-,-.cO, 
O<Mnp=M,,,-2-p<Mn,p-2==M,,n-p< .-* <M,1=M,,,-3, 
(11) 
Zf n is odd, 
M n,n-*<M,,<M,,,-4<Mn3< -.* <M,,<O, 
O<M,,< ..* <M,,,-5<M,z<M,,,-~<M,o. 
(VII) If n = 2k, then 
M,,,_,~(-l)~~fi~ 
2 
j=O 
(cf. [16]). Ifn#2k, l<k<n-1, then 
“Ii’ (2j; 1)’ .$ (k 
j=O j=l 
2k-n-1 n-k-l 
n (k-j) n 
j=O j=O 
Furthermore, 
+j) if 
2j+l * 
( 1 2 
if 
1 <k<n- 1, where 
IMn,k--11 > IP,(k-4)l, 
k 6 1421, 
k > [n/2]. 
P, k- 
( 
if k G [n/2], 
if k> [n/2]. 
ProoJ: Parts (I), (III), (IV), (V), and (VI) are easily confirmed. 
OSCILLATION AND NONOSCILLATION CRITERIA 323 
(II) The first part follows from (I). For 0 6 i < x < i + 1 < [n/2] - 1, 
we have 
IP?sx)l Ix--n+ll>l 
IP,(X+l)l= Ix+11 . 
Suppose that IM,i+,I = JP,(x,+ 1)l for some x,,, i<x,<i+ 1. Then 
I”nil 2 Ipn(xO)l > Ipn(xO + l)l = I”n,i+ II. 
(VII) Since Q, is an even function of x when n = 2k, we have 
M,,,k-l = Q,(O) by (II) and Q,(O)= ( -l)k fl,“zt ((2j+ 1)/2)2. 
For n # 2k and k < [n/2], 
6 k_y::<k IP2dxk--=<k Ix-2kJ~~~Ix-n+lI 
k-’ 3+l 2”-2k 4-I 2 
i=O ( ) jvl (k +a 
For n # 2k and k > [n/2], 
< max Ip2k-.(x)l ’ max ip2n-2k(xh 
k-l<x<k n-k-lcxtn-k 
2k-n-l 
< jJJo (k-j) ‘-fi-‘(y)‘. 
j=O 
The last inequality is the statement that maxk- , <xtk I P,(x)1 is greater 
than or equal to the value of [P,,(x)1 at the mid-point of the interval 
(k - 1, k). 
We are now ready to prove sufficient conditions for disfocality and 
focality of the Euler equation (E), in which the constants Mno,..., M,, -2 
play an important role. 
LEMMA 3. The nth-order Euler equation (Ei) is 
(a) (2j+l)-(n-2j-1) disfocal, j=O, l,..., m-l, (n-2m)/2 ,..., 
(n - 2)/2, on (a, co) if M n2m-2< -Kfor some m, 1 <m,<(o+2)/2; and , 
(b) (2j+l)-(n-2j-l)focal,j=m,...,(n-2m-2)/2,on [b,oo)for 
any b>a if -K<M,,.,, for some m, O<m<u/2. 
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Proof. (a) When M ,+,, < -K, it is easily seen from (11) that the 
polynomial equation (8) has real roots x1 ,..., x*,,,+~, x,-~,,- I ,..., x,, not 
necessarily distinct, such that xui,, xZj+ 2 E (2j, 2j + 1 ), j = 0, l,..., m, 
(n - 2m - 2)/2,..., (n - 2)/2. Here we should note that xZm + , = x, _ 2m _ 1 and 
X2m+2=X”-2m if m = a/2 and n/2 is odd; hence, there are 4m + 2 = n real 
roots (counting multiplicities) in this case. In all other cases, there are 
4m + 4 real roots. Corresponding to these real roots there are non- 
oscillatory solutions y, ,..., yzrn + 2, yn- 2m- 1 ,..., y, of the form (7) and/or 
(9), which are positive on (a, co) and for which we may assume that 
Y2j+l, .Y2j+ZEAj, j=O, 1~7 m, (n-2m-2)/2 ,..., (n- 2)/2. Therefore, (Ei) 
is (2j+l)-(n-2j-1) disfocal, j=O, l,..., m, (n-2m-2)/2 ,..., (n-2)/2, 
on (a, co), according to [18, Theorem 61. 
(b) Either -K < Mno, or else there exists an integer m, , 1 < m, < m, 
such that Mn,2m, ~ 2 G -K -c ~bf,,~,,,~. If -Kc Mno, (8) has n complex roots 
of the form tj&- lag, where tj and vi > 0 are real numbers, j= 1,2,..., n/2. 
Since these complex roots are simple by (IV) of Lemma 2, Eq. (Ei) has a 
fundamental system of n oscillatory solutions of the form (10). We assert 
that every nontrivial solution of (Ei) is oscillatory on (a, co) in this case. In 
view of (III) and (IV) of Lemma 2, it suffices to prove that 
42 
w z C (X - U)“(Cj COS(qj lOg(X- u)) + Dj sin(qj log(x - a))), (12) 
i=l 
where ti# <k, i# k, is oscillatory for any constants Cj and D,, 
j = 1, 2,..., n/2, not all zero. Evidently, 
fi= Cj cos(qj log(x - a)) + Dj sin(qj log(x - a)), Ci’ + Di’ # 0, 
is oscillatory, j = 1, 2 ,..., n/2: If Cj # 0, let Ii be such that 
in = qj log(i, - a), i = 0, l,..., 
then Zi --* co as i --) co and 
fi(n2k) = -fi(%2k + 1) = cj9 k=O, l,... 
If Cj = 0, then Dj # 0; in this case we let Zi be such that 
(2i + l)n/2 = qj log(Zi - a), i = 0, l,... 
Then Ii + co as i + cc and 
fj(32k) = -fj(z2k + I I= Dj, k = 0, l,... 
(13) 
(14) 
This proves that fj is oscillatory in any case. 
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Define 
tp= max {tj: Cj+Dj?#Oin (12)). 
1 C j&n/Z 
Obviously, w  is oscillatory if and only if w(x)/(x - a)*@ is oscillatory. But 
w(x) 
(x - a)tr 
= C, cos(q, log(x - a)) + D, sin(q, log(x - a)) + g(x), 
where g(x) -P 0 as x + 00 by (III) of Lemma 2. Hence, it follows from (13) 
and (14) that w(x)/(x- a) Tr is oscillatory, which in turn implies that w  is 
oscillatory. Consequently, Aj = 0, j = 0, l,..., (n - 2)/2. 
Next we consider the case Mn,Zm, _ 2 6 -K < Mn,2m,, 16 m, < m. Due to 
(I) and (II) of Lemma 2, the polynomial equation (8) has 4m, real roots 
XI T.. .> XZm,, X,-2m,+1Y.~ “7 X not necessarily distinct, such that xzj+ ,, 
X2j+2E(2j 2j+ I), j=O, I,..., m, - 1, (n-2m,)/2 ,..., (n-2)/2, and n-4m, 
complex roots. Corresponding to the 4m, real roots, there are 4m, non- 
oscillatory solutions y 1 ,..., Yap,, Y,- 2m, + , ,..., Y, of the form (7) and/or (9), 
for which we may assume that 
Y2j+l, Y2j+2EA,, 
lY2j+2(x)l 
?Fk ) y2j+ I(x)l = Ooy 
j=o, l,..., m, - 1, (n - 2m,)/2 ,..., (n - 2)/2. Furthermore, there are n - 4m, 
oscillatory solutions wZm, + , , wZm, + 2 ,..., w, _ 2m, of the form (10) associated 
with the n -4m, complex roots. These nonoscillatory and oscillatory 
solutions together form a fundamental system of solutions of (Ei). 
We shall show that Ai = 0, j = m,, m, + l,..., (n - 2m, - 2)/2. Assume to 
the contrary that Aj# 0, i.e., YE Aj for some j, m, <j< (n - 2m, - 2)/2. 
Then 
2w n-2m, 
Y= C CiYj+ C C,Wj+ i ciYi 
i=l i=2m1+1 i=n--2nq+l 
for some constants C,, C2 ,..., C,, not all zero; or equivalently 
2m1 
y- c c,y,- i ciyi= “y’ c,w,. 
i= 1 i=n-2m,+l i=2ml+l 
(16) 
We can easily prove that the right-hand side of (16) is an oscillatory 
solution, as we proved that w  in (12) is oscillatory. The left-hand side, 
however, is a nontrivial nonoscillatory solution due to (15) [ 17, 193. Thus, 
326 W.J. KIM 
we are led to a contradiction, and this means that we must have Aj= 0, 
j= m,, m, + l,..., (n - 2m, - 2)/2. 
Therefore, in either case, Aj = 0, j = m, m + l,..., (n - 2m - 2)/2, and we 
conclude again from [ 18, Theorem 63 that (Ei) is (2j+ 1) - (n - 2j- 1) 
focal, j = m, m + l,..., (n - 2m - 2)/2, on [b, co) for any b > a. 
Remark. There are two extreme cases of interest: If -K < Mno, then 
(Ei) is (2j+ 1)-(n-2j- 1) focal, j=O, l,..., (n-2)/2, on [b, co) for any 
b > a; thus, Aj= 0, j= 0, l,..., (n - 2)/2 [9, 181 and every solution of (Ei) is 
oscillatory on (a, co) by Lemma 1. On the other hand, if M,, < -K, then 
(Ei)is (2j+l)-(n-2j-l)disfocal,j=O, l,..., (n--2)/2, on (a, co), that is, 
Aj# 0, j=O, l,..., (n-2)/2 [9, 183. This in turn implies that (Ei) is dis- 
focal and therefore nonoscillatory on (a, co) [25]. Also of interest in this 
connection is that the concepts of k - (n-k) disfocality and k - (n-k) 
disconjugacy on (a, co) are equivalent, provided the condition (2) holds 
c91. 
For the other cases (Eii), (Eiii), and (Ei,), we have corresponding results 
which will be summarized below. In the formulation of these results, it 
should be noted from Lemma 2 that, when the local maxima {minima} 
Mnj of P,(x) are ordered by their magnitudes, they “alternate” if n is odd. 
LEMMA 4. The nth-order Euler equation (Eii) is 
(a) 2j-(n-2j) disfocal, j= 1,2 ,..., m+ 1, (n-2m- 1)/2 ,..., (n- 1)/2 
{j=t-i/2 ifm=O; otherwise, j=l,2 ,..., m, (n-2m-1)/2 ,..., (n-1)/2} 
if M,Zm+l< -K (M,nPzm-2< -K} for some m, 
r<rn<(o-I)/2 {O<m<(n-4-o)/2}‘; and 
(b) 2j-(n-2j) focal, j=m+l,..., (n-2m-1)/2 (j=m+l,..., 
(n-2m-3)/2} on [b, co) for any b>a if -K<M,,,-2m-z {-KC 
M n,2m+l} for some m, O<m<(a-1)/2 {O<m<(n-4-a)/2}. 
LEMMA 5. The &h-order Euler equation (E,,,) is 
(a) 2j-(n-2j) disfocal, j= 1,2 ,..., m, (n-2m)/2 ,..., (n-2)/2, on 
(a, ~0) if -KGMMn,zm-I for some m, 1 < m < (p + 1)/2; and 
(b) 2j- (n - 2j) focal, j= m + l,..., (n - 2m - 2)/2, on [b, co) for any 
b>a ifMn,Zm+l < -K for some m, 0 < m < (p - 1)/2. 
LEMMA 6. The nth-order Euler equation (E,) is 
(a) (2j + 1) - (n - 2j - 1) disfocal, 
j=O, l,..., , 
m (n- 1 _ 2m),2 
,..‘, 
(n _ 3),2 (l~zoOi if m =O; otherwise, 
m, (n - 3 - 2m)/2,..., 
(n-3)/2}, on (a, co) if -K<M,,>,,, {-K<‘d,l-3-,,} for some m, 
O<m<(p-2)/2 (O<m<((n-3-p)/2}, and 
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(b) (2j+1)-(n-2j-1)focal,j=m+1,...,(n-3-2m)/2 {j=m,..., 
(n-3-2m)/2}, on [b,co) for any b>a if M,,,-3-z2m< -K 
{M,,2m< -K} for some m, O<mG(p-2)/2 {O<m<(n-3--p)/2}. 
Proof for Lemmas 4 through 6 are similar to the proof of Lemma 3 and 
are omitted. 
3. MAIN RESULTS 
In this section we establish explicit conditions for focality and disfocality 
of Eq. (D) by comparing it with the Euler equation (E). To accomplish 
this, we need comparison theorems involving (D) and another equation of 
the same type (but not necessarily of the same order) 
L(Pw PY- 17..*> PO) Y + qY = 0, (D’) 
where pO,..., py are continuous and positive on [a, co) and q is continuous 
and has constant sign on [a, co). A series of such comparison theorems 
have been recently obtained by the author [20], of which the following is a 
special case: 
THEOREM 1 [20]. Assume that n = v and Eq. (D) is k - (n -k) disfocal 
on [a, co). Zf 
Pi 2 ri, i = 1, 2 ,..., n - 1, 
0 < (- l)“+‘qp;‘p$ < (- l)“-k-‘pr,‘r,’ 
on [a, co ), then Eq. (D’) is also k - (n - k) disfocal on [a, co ). 
Employing Lemmas 3 through 6 and Theorem 1, we can prove the 
following statements. 
THEOREM 2. The differential equation (Di) is (2j + 1) - (n - 2j - 1) dis- 
focal, j= 0, l,..., m - 1, (n - 2m)/2 ,..., (n - 2)/2, on [a, co) if 
ri 2 Kip (17) 
for some positive constant Ki, i = 1, 2 ,..., n - 1, and 
(r,r,K,K,..* Ll)-‘(x-a)“p,< -Mn,*,,-* (18) 
for some m, 1 <m < (a + 2)/2, on [a, co), where (r = [n/2] - l- 
$((-l)[“‘*‘+(-l)“). 
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On the other hand, (Di) is (2j + 1) - (n - 2j- 1) fad, j = m, 
m + l,..., (n - 2m - 2)/2, on [aI, co) for any a, 2 a if 
ri<Kj 
for some positive constant K,I, i = 1,2 ,..., n - 1, and if 
(19) 
- Mn,~m +&~(r,roK;K;...K:,_,)-‘(x-u)“p (20) 
for some E > 0 and some m, 0 < m < a/2, on [a, CC ). 
Proof. Since n is even, M+, _ 2 < 0 and the equation 
y’“‘+(-M 2 -*)(x-a)-“y=O n, m (21) 
is (2j+l)-(n-2j-1) disfocal, j=O, l,..., m-l, (n-2m)/2 ,..., (n-2)/2 
on (a, co) by Lemma 3. Comparing (21) and (Di), which may be written as 
L,(r,,K;?lr,-I,..., K,‘r,,r,)y+(K,...K,~,)-‘py=O, (22) 
and using (17) and (18), we conclude from Theorem 1 that (Di) is 
(2j+ 1)-(n-2j-1) disfocal, j=O, l,..., m-l, (n-2m)/2 ,..., (n-2)/2, on 
(a, co), and therefore on [a, co) as well [9]. 
On the other hand, the equation 
y’“’ + ( -M,,+ + E)(X - a) +y = 0 (23) 
is(2j+1)-(n-2j-1)focal,j=m,m+1,...,(n-2m-2)/2,on(a,,oo)for 
any a, > a by Lemma 3. Suppose that (Di) is (21+ 1) - (n - 21- 1) disfocal 
on [iir, co) for some ii,au and some I, m<Z<(n-2m-2)/2. Comparing 
(23) and (22) with Ki replaced by Ki, i= 1,2,..., n - 1, and using (19) and 
(20), we conclude from Theorem 1 that (23) is (21+ l)- (n -2Z- 1) dis- 
focal on (iir, co). But this contradicts Lemma 3; thus, (Di) must be 
(2j+l)-(n-2j-1) focal,j=m, m+l,...,(n-2m-2)/2, on [a,,co) for 
any a, >a. 
TI-EOREM 3. The differential equation (Dii) is 2j- (n - 2j) disfocul, 
j = 1, 2 ,..., m + 1, (n-2m-1)/2,...,(n-1)/2 {j=(n-1)/2 if m=O; 
otherwise, j= 1, 2 ,..., m, (n-2m- 1)/2 ,..., (n- 1)/2}, on [a, 00) if(17) holds 
and 
(r,rdl& . ..K.-,)-‘(x-u)“p< -Mn,zm+l 1 -Mn,n-~m-d 
for some m, O<m<(o-1)/2 {O<m<(n-4-0)/2}, on [a, a). 
Zf, on the other hand, (19) holds and 
-M,,,-2m--++{-M,,z,+1+E}~(rnr0K;K~...K:,~1)-1(x-u)“p 
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forsomem,O,<m<((a--1)/2 {O<m<(n-4-~)/2}, on [u, OO), then (Dii) 
is 2j-(n-2j)focal, j=m+ l,..., (n-2m-1)/2 {j=m+ I,..., (n-2m-3)/2}, 
on [a,, a)for any a, >a. 
THEOREM 4. The differential equation (Diii) is 2j- (n - 2j) disfocul, 
j= 1, 2,..., m, (n - 2m)/2 ,..., (n - 2)/2, on [a, 00) if (17) holds and 
(rnroKl K2 -K,_,)-‘(x-u)“@ -LY~,,~,-~ 
for some m, 1~ m < (p + 1)/2, on [a, GO ); while it is 2j - (n - 2j) focal, 
j = m + l,..., (n - 2m - 2)/2, on [a,, o3) for any a, 2 a zf (19) holds and 
- ~n.Zm + 1 -c 2 (r,roK;K2 *-K:,-,)-'(x-u&J 
for some E > 0 and some m, 0 6 m < (p - 1)/2, on [a, co ). Here, 
~=[n/2]-1+~((-1)~“‘~~-(-1)~). 
THEOREM 5. The differential equation (Div) is (2j + 1) - (n - 2j- 1) dis- 
focal for j= 0 if m = 0, and for j= 0, l,..., m, (n - 1 - 2m)/2 ,..., (n - 3)/2 if 
m#O {j=O, l,..., m, (n - 3 - 2m)/2 ,..., (n - 3)/2} on [a, 00) if (17) holds 
and 
(rnroK1K2 . ..K.-,)-‘(~-a)“@ -IV,+,, w4n,n-3-2m~ 
for some m, O<m<(p-2)/2 {O<md(n-3-p)/2}, on [a, co). 
Zf, on the other hand, (19) holds and 
-~“,,-3~2m-~ { - M”,Zrn -E} 2 (r,rOK;K;...K:,_l)-‘(X-u)“p 
for some m, O<m< (p-2)/2 {O<m< (n- 3 -p)/2}, on [a, CD), then 
(Di,) is (2j+ l)-(n-2j- 1) focal, j=m+ l,..., (n-3-2m)/2 {j=m ,..., 
(n - 3 - 2m)/2}, on [a,, co) for any a, aa. 
Proofs of Theorems 3, 4, and 5 are similar to that of Theorem 2; they 
may be deduced from Lemmas 4, 5, and 6, respectively, and Theorem 1. 
Remark. Results much more general than those stated in Theorems 2 
through 5 can be obtained when, instead of Theorem 1, suitable com- 
parison theorems [20] for (D) and (D’) with n not necessarily equal to v 
are used. We illustrate this with an example. Let n be an even integer and 
m an integer such that 1 <m < (0 + 2)/2. Then the equation 
is (2j+ l)-(n-2j- 1) disfocal, j=O, l,..., m- 1, (n-2m)/2 ,..., (n-2)/2, 
by Lemma 3. When Theorem 4(i) in [20] is applied to the above equation, 
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we obtain a number of disfocality conditions: Let 1 and v be integers such 
that n - 2j - 1 < I< min(n, v). Then the equation 
is (2j+l-I+v)-(I-2j-1) disfocal on [a, co) if 
for some positive constant Ki, i= 1, 2,..., I- 1, and 
O< ti(Pv, Pv-l~.*, PI--n+2j+2) 4 
PIPOhPI, P/-19...? PI-n+Zj+Z) 
<(2j+l-n+l)!(-M,,,,-,)K,K,.**K,-, 
. 
(2j+ l)! @-a)[ 
on (a, co), where 
#(Pi&) = P,‘(X)> 
Note that this result holds for j= 0, l,..., m - 1, (n - 2m)/2 ,..., (n - 2)/2, 
provided 1 is chosen so that n - 2j - 1< I < min(n, v). 
4. THE EQUATION y(“) + py = 0 
For the differential equation (C), the conditions (17) and (19) are 
trivially satisfied with K, = Kj = 1, and (18) and (20) reduce to 
- Mn,Zm +E<(X--)“p(x)d -Mn,Zm-2. (24) 
If 
lim inf (x - a)“p(x) > -M,,*, 
x-cc 
and 
limsup(x-u)“p(x)< -Mn,Zm-2, 
x-im 
then there exists b > a such that (24) holds on [b, 00) and we may deduce 
the following statements from Theorem 2: 
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COROLLARY 1. Let 0 = [n/2] - 1 - f(( - 1)c”‘21 + ( - 1)“). On the inter- 
val [b, CO ) for some b 2 a, the equation (Ci) is 
(a) disfocal and therefore nonoscillatory if 
lim sup (x - a)“p(x) < --AI,,; 
x-cc 
(b) (2j+l)-(n-2j-1) disfocal, j=O, l,..., m-l, (n-2m)/2 ,..., 
(n-2)/2, if” 
lim sup (x - a)“p(x) < -Mn,2m - *, 
x-m 
for some m, 1 <m 6 o/2; 
(c) (2j+l)-(n-2j-l)focal,j=m, m+l,...,(n-2m-2)/2, if 
- Mn,*tn < lim inf (x - a)“p(x) 
x-+-cc 
for some m, 1 6 m d u/2; moreover, 
(d) every nontrivial solution of (Ci) is oscillatory if 
- M,,O < lim inf (x - a)“p(x). 
x-cc 
Similarly, we may obtain analogous results for the other cases from 
Theorems 3, 4, and 5. 
Hille’s result [ 121 that the second-order equation y” + py = 0, p > 0, is 
oscillatory if o* > $ and nonoscillatory if o* < 4 and Hanan’s result [lo] 
on the third-order equation mentioned earlier are now easily seen to be 
special cases of Corollary 1 and its companion results, when it is observed 
that M2,, = -t and M3,0 = -AI,,, = 2/3&. 
For the differential equation (C), however, improved criteria involving 
integral conditions can be obtained when the following comparison 
theorem is used. 
THEOREM 7 [3]. Assume that the differential equation 
yCn) + qy = 0, 
where q is continuous on (a, co ), is k - (n - k) disfocal on (a, co). Zf 
(- l)“-kp(x) < 0 and 
O<fm (-l)“-kP1p(t)dt<[m (-l)“-“-lq(t)dt, 
x x 
then Eq. (C) is k- (n-k) disfocal on (a, a). 
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Recall that Eq. (21) is (2j+ 1)-(n-2j- 1) disfocal, j=O, l,..., m, 
(n - 2m - 2)/2,..., (n - 2)/2, on (a, co) by Lemma 3. Equation (Ci) will thus 
be (2j+ 1)-(n-2j- 1) disfocal, j=O, l,..., m, (n-2m-2)/2 ,..., (n-2)/2, 
on (a, co) by Theorem 6 if 
I 
a3 p(t) dt G -Mn,zm j”; 
x (t-a)-“dt= - 
M,,*,(n- l)-r(X-c)-“+‘. 
x 
It is further known that (Ci) is (2j + 1) - (n - 2j - 1) disfocal on [a, co) if it 
is (2j+ l)- (n-2j- 1) disfocal on (a, co) [9]. 
On the other hand, the equation 
y’“’ + ( - Mn,Jm + E)(X - a) -“y = 0, (25) 
where O<m<ts/2, s>O, is (2j+l)-(n-2j-1) focal, j=m, m+l,..., 
(n - 2m - 2)/2, on (b, co) on any b > a again by Lemma 3. We assert that 
(Ci) is (2j+l)-(n-2j-1) focal, j=m, m+l,..., (n-2m-2)/2, on 
[b, co) for any b > a if 
(-Mn,*m+&)(n-l)-l(x-u)-“+‘= (-M,,,,+E)~~ (t-a)-“dt 
x 
s 
O” 
(26) 
d p(t) dt. 
x 
Assume to the contrary that (Ci) is (21+ 1) - (n - 21- 1) disfocal on 
[b, , co) for some 1, m < 1 < (n - 2m - 2)/2, and some b, >, a. In view of (26) 
we conclude from Theorem 6 that (25) is (21+ 1) - (n - 2Z- 1) disfocal on 
(b,, co), which is absurd. 
Thus, we have proved the following statements: 
THEOREM 7. Equation (Ci) is (2j + 1) - (n - 2j - 1) disfocul, j = 0, l,..., 
m- 1, (n-2m)/2 ,..., (n-2)/2, on [a, co), if 
(x-u.)~-‘~~ p(t)dt< -Mn,Zm(n- 1)-l 
x 
on [a, co ) for some m, 1 d m d (a + 2)/2, where u = [n/2] - 1 - 
$(( - 1)[“‘2’ + (- 1)“). 
On the other hand, the equation is (2j + 1) - (n - 2j - 1) focal, j = m, 
m + l,..., (n - 2m - 2)/2, on [b, CD ) for any b > a if 
(-M,,2,+&)(n-1)-1~(x-u)n~1~~ p(t)dt 
x 
on [a, co) for some E > 0 and some m, 0 < m < o/2. 
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Using Lemmas 4, 5, and 6, respectively, and Theorem 6, we may prove 
the following theorems in a similar way. 
THEOREM 8. Equation (Cii) is 2j- (n - 2j) disfocal, j= 1, 2,..., m + 1, 
(n-2m-1)/2 ,..., (n-1)/2 (j=(n-1)/2 ifm=O; otherwise, j=l,2 ,..., m, 
(n-2m - 1)/2 ,..., (n- 1)/2}, on [a, co) if 
on [a, 00) for some m, O<m<(o-1)/2 {O<m<(n-4-a)/2). 
On the other hand, the equation is 2j- (n - 2j) focal, j= m + l,..., 
(n-2m- 1)/2 {j=m+ l,..., (n-2m-3)/2} on [b, co) for any bau if 
{(-M”.zm+I +c)(n-l)-l]<(x-a)“-‘[mp(t)dt 
x 
y”o 
[a, co) for some &>‘O and some m, OGm<((a--1)/2 
<m<(n-4-a)/2}. 
THEOREM 9. Equation (Ciii) is 2j- (n - 2j) disfocal, j= 1, 2,..., m, 
(n-2m)/2 ,..., (n-2)/2, on [a, co) if 
(x-~)“-‘f~ p(t)dt> -Mn,Zm-,(n-l)-l 
x 
on [a, 00 ) for some m, l<m<(~+1)/2, where P=[n/2]-l+ 
$(( - 1)c”/21 - (- 1)“); while it is 2j - (n - 2j) focal, j = m + l,..., 
(n-2m-2)/2, on [b, co)for any baa if 
(-Mn,Zm+l -e)(n- l)-‘>(~-a)+ Im p(t)& 
x 
on [a, co) for some e>O and some m, Odm<(p- 1)/2. 
THEOREM 10. Equation (C,,) is (2j+ 1) - (n - 2j- 1) disfocal for 
j=O if m=O and j=O, l,..., m, (n - 1 - 2m)/2,..., (n - 3)/2 if m # 0 
{j=O, l,..., m, (n-3-2m)/2 ,..., (n-3)/2) on [a, 00) if 
(x--.)+I lxm p(t)dt> -M,,2,(n- 1)-l {-M,,n-3-2m(n- l)-‘l 
on [a, c0)for some m, O<m<(p-2)/2 {OGmG(n-3-p)/21 
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If, on the other hand, 
(6Mn,2m- e)(n-l)-l}g(x-a)n-l[a p(t)dt 
x 
[a, 00) for some E>O and some m, 0 <m d (p - 2)/2 
<m<(n-3-p)/2}, the equation is (2j+ 1)-(n-2j-- 1) focal, 
j=m+l,..., (n-3-2m)/2 {j=m ,..., (n-3-2m)/2} on [b, co) for any 
baa. 
Remark. 1. Equation (C) is k - (n - k) disfocal on [a, cc ) if and only 
if it is k- (n- k) disconjugate on [a, 00) [9]. Furthermore, (C) is non- 
oscillatory on [a, co) if and only if it is eventually k - (n -k) disfocal on 
[a, co) for all values of k consistent with the parity condition. Therefore, 
we may conclude from Theorems 7-10 that Eq. (C) with p > 0 {p < 0} is 
disfocal, disconjugate, and nonoscillatory on [a, 03) if 
(x-a)fl-ljXm Ip(t)l dt< IM,,l(n-1)-l (IM”pl(n- 1)-l>. 
The constant IM,,I (n - 1))’ { lMnpl (n - 1)-l> is the best possible in the 
sense that it cannot be replaced by a larger constant. 
2. Equation (C) with p > 0 { p < 0} has property A {property B} if it is 
k- (n-k) focal for all values of k consistent with the parity condition 
[ll, 181. Hence, it follows from Theorems 7-10 that (C) with p > 0 
{ p < 0} has property A {property B} if 
(M’+&)(n-l)-l~(x-a)n-lgm Ip( dt 
x 
for some E > 0, where 
- Mno for tci), 
- Mn,,, - 2 M’= M 
1 
for tcii), 
ii 
for tciii), 
for (Ci,). 
The asymptotic form of this result has been recently obtained by 
Chanturia [S]. 
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